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a b s t r a c t
Inherently low thermal conductivities of basic ﬂuids form a primary limitation in high-performance cooling which is an essential requirement for numerous thermal systems and micro-devices. Nanoﬂuids, i.e.,
dilute suspensions of, say, metal-oxide nanoparticles in a liquid, are a new type of coolants with better
heat transfer performances than their pure base ﬂuids alone. Using a new, experimentally validated
model for the thermal conductivity of nanoﬂuids, numerical simulations have been executed for alumina-water nanoﬂuid ﬂow with heat transfer between parallel disks. The results indicate that, indeed,
nanoﬂuids are promising new coolants when compared to pure water. Speciﬁcally, smoother mixture
ﬂow ﬁelds and temperature distributions can be achieved. More importantly, given a realistic thermal
load, the Nusselt number increases with higher nanoparticle volume fraction, smaller nanoparticle diameter, reduced disk-spacing, and, of course, larger inlet Reynolds number, expressed in a novel form as
Nu = Nu(Re and Br). Fully-developed ﬂow can be assumed after a critical radial distance, expressed in
a correlation Rcrit = fct(Re), has been reached and hence analytic solutions provide good approximations.
Nanoﬂuids reduce the system’s total entropy generation rate while hardly increasing the required pumping power for any given Rein. Speciﬁcally, minimization of total entropy generation allows for operational
and geometric system-optimization in terms of Sgen = fct (Re and d).
Ó 2010 Elsevier Ltd. All rights reserved.

1. Introduction
For pure ﬂuids, inherently low thermal conductivities form a
primary limitation in high-performance cooling which is the essential requirement for numerous thermal systems and micro-devices.
Nanoﬂuids, i.e., dilute suspensions of, say, metal-oxide nanoparticles in a liquid, are a new type of coolants with better heat transfer
performances than their pure base ﬂuids alone. Speciﬁcally,
numerous experiments with nanoﬂuids have demonstrated thermal conductivity enhancement, indicating promising applications
to micro-scale cooling. Compared to pure liquids, experimental
evidence showed that the thermal conductivity of nanoﬂuids, knf,
signiﬁcantly increases comparing at small nanoparticle volume
fractions, with decreasing nanoparticle diameter and elevated
mixture temperature. For example, Lee and Choi [1] investigated
CuO-water/ethylene glycol nanoﬂuids with particle diameters
18.6 and 23.6 nm as well as Al2O3-water/ethylene glycol nanoﬂuids with particle diameter 24.4 and 38.4 nm and discovered a
20% thermal conductivity increase at a volume fraction of just
4%. Wang et al. [2] determined experimentally a 12% increase
in knf with 28 nm-diameter Al2O3-water and 23 nm-diameter
CuO-water nanoﬂuids at 3% volume fraction. Eastman et al. [3]
reported a 40% thermal conductivity increase for 10 nm-diameter
* Corresponding author. Tel.: +1 9195155261; fax: +1 9195157968.
E-mail address: ck@eos.ncsu.edu (C. Kleinstreuer).
0017-9310/$ - see front matter Ó 2010 Elsevier Ltd. All rights reserved.
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Cu-water nanoﬂuids with a volume fraction of only 0.3%. Li and
Peterson [4] provided the thermal conductivity expression in terms
of temperature (T) and volume fraction (u) by using curve-ﬁtting
for CuO-water and Al2O3-water nanoﬂuids. Additionally, Xie et al.
[5] investigated SiC-water nanoﬂuids and Hong et al. [6] focused
on Fe-water nanoﬂuids. Recently, Chopkar et al. [7] investigated
Ag2Al-water nanoﬂuids and Al2Cu-water nanoﬂuids and reported
a 130% increase in thermal conductivity with a volume fraction less
than 1%. Considering particle diameters of 47 and 36 nm, Mintsa
et al. [8] provided new thermal conductivity expressions for
Al2O3-water and CuO-water nanoﬂuids. Murshed et al. [9] reported
a 27% increase in 4% TiO2-water nanoﬂuids with a particle diameter
of 15 nm and a 20% increase for Al2O3-water nanoﬂuids. However,
Duangthongsuk and Wongwaises [10] observed a more moderate
increase for TiO2-water nanoﬂuids. Das et al. [11] commented
systematically on the relationship between knf and temperature
demonstrating that the thermal conductivity of nanoﬂuids will signiﬁcantly increase with higher temperatures. Patel et al. [12]
conﬁrmed the temperature effect obtained by Das et al. [11] as well
as the ﬁndings of Lee et al. [1]. They also showed the inverse dependence of particle size on thermal conductivity enhancement, considering three sizes of alumina nanoparticles suspended in water.
Still, controversies for knf (u, T) persist [13–18]. More recently,
scientists used optical measurement methods [14–18] to obtain
the effective thermal conductivities of nanoﬂuids and found no
anomalous increase, which brings the transient hot-wire (THW)
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Brinkman number
heat capacity
nanoparticle diameter
Darcy friction factor
body force
heat transfer coefﬁcient for nanoﬂuids
particle–particle interaction intensity
micro-mixing part for the thermal conductivity knf of
nanoﬂuids
thermal conductivity of nanoﬂuids
static part for the thermal conductivity knf of nanoﬂuids
particle mass
Nusselt number for nanoﬂuids
Poiseuille number
wall heat ﬂux
outer radius of the parallel-disk cooling system
Reynolds number
cylindrical coordinates
entropy generation rate
temperature
wall temperature
bulk temperature
critical temperature (Tcrit = 310 K)
averaged inlet velocity
rectangular coordinates

method into question. For example, Ju et al. [19] analyzed and
commented on the error possibilities of the THW method and
investigated 20, 30 and 45 nm Al2O3 nanoparticle-water suspensions up to a volume fraction of 10%. They did not discover any
strong relationship between effective thermal conductivity
enhancement and temperature increase. There are other parameters which may inﬂuence knf, e.g., pH value [20] and particle
shape/clustering [9,21].
Basic theoretical models for the thermal conductivity of dilute
spherical particle suspensions relied on the static model of Maxwell [22]. Hamilton and Crosser [23] extended Maxwell’s result
to non-spherical particles. For other classical models please refer
to Refs. [24–26]. The classical models, based on continuummechanics formulations, typically involve only the particle size/
shape and volume fraction and assume diffusive heat transfer in
both ﬂuid and solid phases. While they provide good predictions
for micrometer or larger-size particle suspensions, they usually
underestimate any enhanced thermal conductivity increase with
volume fraction, nanoparticle diameter, and mixture temperature.
In contrast to the classical models which treat particles stationary to the base ﬂuids, dynamical models take the effect of nanoparticles’ random motion into account. The basic mechanisms of
anomalous thermal conductivity enhancement of nanoﬂuids are
as follows:
(a)
(b)
(c)
(d)

Brownian motion of nanoparticles.
Liquid molecule-layering on the nanoparticle surface.
Enhanced heat conduction in the nanoparticles.
Effect of nanoparticle clustering.

Other mechanisms may be categorized into conduction, nanoscale convection, near-ﬁeld radiation [27], and thermal wave propagation [28]. The main underlying mechanism of the present F–K
model is based on the micro-mixing effect due to Brownian motion. Although Wang et al. [2] and Keblinski et al. [29] concluded
that Brownian motion is not a signiﬁcant mechanism accounting
for the anomalous enhancement of the thermal conductivity of
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Subscripts and superscripts
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nanoﬂuids, they failed to consider the surrounding ﬂuid motion induced by the random movements of the nanoparticles. Based on
in-house research [30], Brownian motion effect is a signiﬁcant
mechanism for the enhancement of the thermal conductivity of
nanoﬂuid.
Several theoretical knf-models have been published based on
the Brownian motion effect. For example, Jang and Choi [31] focusing on the heat transfer between nanoparticles and carrier ﬂuid,
proposed four modes of energy transport and introduced the idea
that a Brownian nanoparticle produces a convection-like effect at
the nano-scale. Kumar et al. [32] suggested two models: a stationary particle model and a moving particle model, building a relationship between the effective thermal conductivity and the
average particle velocity which is determined by the temperature
T. Koo and Kleinstreuer [33] considered the effective thermal conductivity to be composed of two parts: kstatic is the static thermal
conductivity due to the higher thermal conductivity of nanoparticles, following Maxwell’s theory, while kBrownian is the enhanced
thermal conductivity part generated by the additional convective
heat transfer of nanoparticles’ Brownian motion and related ambient ﬂuid induced motion. Li [34] extended the model of Koo and
Kleinstreuer [33]. Bao [35] also considered the effective thermal
conductivity, consisting of a static part and Brownian motion part.
Different from the KKL model [34], he only focused on one time
interval of Brownian motion, which implies that the velocity of
the particle is constant, and treated the ambient ﬂuid around nanoparticle as steady ﬂow. Most recently, a new thermal conductivity
theory for nanoﬂuids has been developed, labeled the F–K model;
being based on ﬁrst principles, it does not require any matching
functions and predicts benchmark experimental data sets very well
[30,36].
One effective cooling device applicable to needs in high-tech
industries is the impinging-jet parallel-disk system using nanoﬂuids. However, only a few publications have focused on nanoﬂuid
convective heat transfer between two parallel disks [5,6]. Original
work on radial ﬂow between rotating (or stationary) disks goes
back to McGinn [39], with a most recent contribution by Achintya
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[40]. Roy and his research group [5,6] found that for Al2O3-water
and Al2O3-ethylene glycol nanoﬂuids the Nusselt number rapidly
increases with elevated alumina volume fractions, say, above 2%.
For their numerical calculations they relied on the Maxwell correlation for knf (see Eq. (7)) which may not be suitable for this case
[30,36,37].
Extending a basic mixture-ﬂow analysis which demonstrated
the usefulness of the new knf-model [41], for this paper thermal
nanoﬂuid ﬂow between parallel disks has been simulated to present temperature ﬁelds and discuss Nusselt numbers as compared
to pure water for a realistic heat load. In addition, operational
system data as well as entropy generation were analyzed for
system-optimization considerations. Based on the extensive literature review, the present computer simulation of radial thermal
nanoﬂuid ﬂow between parallel disks and entropy-minimization
analysis best device design are novel contributions.

2. Theory
The dilute suspensions of nanoparticles in water of the radial
cooling system (see Fig. 1) were assumed to be Newtonian mixtures in steady 3D laminar non-isothermal ﬂow.
2.1. Modeling equations
Assuming steady laminar incompressible 3D ﬂow, the conservation laws can be written as:

r  ðqnf ~
vÞ ¼ 0
rðqnf ~
v~
v Þ ¼ rp þ r  ðlnf r~
v Þ þ ~g
r  ðknf rTÞ
U
~
v  rT ¼
þ
ðqcp Þnf

ðqcp Þnf

ð1Þ
ð2Þ
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Concerning the necessary boundary conditions, we assumed
uniform inlet velocity and pressure outlet, constant wall heat ﬂux
qw, no-slip condition at the heated upper disk (r e [0, R], z = 0) as
well as adiabatic and no-slip conditions at all other walls (see
Fig. 1).
2.2. Nanoﬂuid properties
The nanoﬂuid properties are mainly a function of nanoparticle
volume fraction u and mixture temperature T. Speciﬁcally, for dilute Al2O3-water nanoﬂuids [34]:

lnf ¼ lbf

1

ð5aÞ

ð1  uÞ2:5

qnf ¼ uqp þ ð1  uÞqbf
ðqcp Þnf ¼ uðqcp Þp þ ð1  uÞðqcp Þbf

ð5bÞ
ð5cÞ

For the effective thermal conductivity of the nanoﬂuid, the
newly developed Feng–Kleinstreuer (F–K) model [3,4] was applied. In summary, it was postulated that the thermal conductivity of nanoﬂuids consists of a static part (kstatic) after Maxwell
[22] and a micro-mixing part (kmm), i.e., enhancement due to
Brownian motion of nanoparticles. Thus, knf of the F–K model is
expressed as:

knf ¼ kstatic þ kmm

ð6Þ

The static part is given by Maxwell’s model as:

0
kstatic ¼ @1 þ 

kp
kbf

ð3Þ


1
1 u
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k
þ 2  kp  1 u
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where subscript nf denotes ‘‘nanoﬂuid” and U is the shear stress
induced energy dissipation in cylindrical coordinates, i.e.,

while the micro-mixing part is given by:
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Fig. 1. Sketch of the radial ﬂow cooling system.

ð7Þ

p

ð8Þ

4622

Y. Feng, C. Kleinstreuer / International Journal of Heat and Mass Transfer 53 (2010) 4619–4628

Here, q is the density, cp is the speciﬁc heat capacity, u is the
nanoparticle volume fraction, while the subscripts nf, bf, and p
indicate nanoﬂuid mixture, base ﬂuid and particle, respectively.
cc is equal to 38 for metal-oxide nanoﬂuids which can be derived
theoretically instead of being obtained via a curve-ﬁtting technique. The damping coefﬁcient f, natural frequency xn, and characteristic time interval sp can be expressed as:

3pdp lbf
2mp xn
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K P—P
xn ¼
mp
mp
sp ¼
3plbf dp
f¼

ð9Þ
ð10Þ
ð11Þ

4. Results and discussion
4.1. Model comparisons
Of interest is how the measurements performed by Gherasim
et al. [38] compare to the numerical results using the new F–K model. Fig. 2 shows the radial (upper) wall temperatures for the 4%
Al2O3-water nanoﬂuid with the heat ﬂux qw = 2438 W/m2 and mass
_ ¼ 0:019 kg=s. Although the trends of the distributions
ﬂow rate m
are somewhat similar, there is a large difference in the region
0 < r < 100 mm when compared to the data of Gherasim et al. [6].
It is worth mentioning that the lower, nonlinear temperature
distribution with a local peak-value in the inlet zone is more realistic; because, local vortical ﬂow which leads to nanoﬂuid circulation
generated overall a slightly stronger cooling effect of the upper disk

Speciﬁcally, for metal-oxide nanoﬂuids, the magnitude of particle–particle interaction intensity Kp–p is determined as:

K P—P ¼ qp 


qﬃﬃﬃﬃﬃ 
32:1724  273K
 19:4849
dp 
T

ð12Þ

In light of experimental evidence, the F–K model is suitable for
several types of metal-oxide nanoparticles (30 < dp < 50 nm) in
water with volume fractions up to 5%, and mixture temperatures
below 350 K. The properties of the base ﬂuid, i.e., water, vary with
temperature as follows [34]:


ðT þ 15:7914Þ
qwater ¼ 1000  1 
 ðT  277:1363Þ2 ð13aÞ
508929:2  ðT  205:0204Þ
cp;water ¼ 9616:8734  48:7365  T þ 0:1445  T 2  0:0001414  T 3

ð13bÞ

lwater ¼ 0:02165  0:0001208  T þ 1:7184e  7  T 2

ð13cÞ

kwater ¼ 1:1245 þ 0:009734  T  0:00001315  T

2

ð13dÞ

Different types of nanoﬂuids were employed in the application
of nanoﬂuid ﬂow of an impinging-jet between parallel disks,
requiring a numerical solution method. However, assuming quasi-fully-developed ﬂow beyond the inlet region (see Fig. 1) allowed
for analytical solutions of velocity proﬁles, pressure drop and friction factor in the r-direction, as given by Feng and Kleinstreuer
[41].

Fig. 2. Numerical simulation results for radial wall temperature distribution using
the Feng–Kleinstreuer model as compared to experimental measurements.

3. Numerical method
The numerical solutions were executed with a user-enhanced
ﬁnite volume method, i.e., ANSYS-CFX 11.0 and 12.0 from Ansys,
Inc. (Canonsburg, PA). The computations were performed on an
IBM Linux Cluster at North Carolina State University’s High Performance Computing Center (Raleigh, NC) and on a local dual Xeon Intel 3.0G Dell desktop (Computational Multi-Physics Laboratory,
MAE Department, NC State University). For example, the unstructured mesh for the d = 3 mm model contained 646, 258 hexahedral
elements. In light of the large velocity and temperature gradients,
which exist at the corners and near the boundaries, the local mesh
was reﬁned locally by a factor of 1.05. For the d = 1, 2 and 4 mm
models, the same unstructured mesh-generation method was employed. The criterion of convergence was 1e5 for the maximum
residual which guaranteed an average residual of less than 1e6
for both momentum and heat transfer. Mesh independence was
examined and veriﬁed by increasing the element number by
100% in each direction which produced a maximum result change
of just 2.53%. A typical numerical simulation case took 28–38 h.
The computer-model was further validated by comparing numerical solutions of velocity and temperature ﬁelds with our analytical
solution [9] as well as existing numerical and experimental data
sets [30]. Additional comparisons with experimental observations
are given in Section 4.1.

Fig. 3. Nusselt number comparison between present numerical simulation and
experimental data.
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wall (2 K) than the experimental data indicates. In contrast, outside the lower-disk inlet zone the radial Nusselt number results
compare well with the measurements of Gherasim et al. [6], as
shown in Fig. 3. As the Tbulk(r)-calculation is correct, it can be assumed that the experimentally based evaluation of the bulk
temperature is ﬂawed; however, when forming the ratio for the
Nusselt number distribution (see Fig. 3) the induced temperatureerrors canceled. Additional successful computer-model validations
with different experimental data sets are given by Feng [30].
4.2. Fluid ﬂow structures
Important for convection heat transfer in this impingement-jet,
parallel-disk system are the velocity ﬁelds near the inlet as well as
the nanoﬂuid ﬂow developments for different inlet Reynolds numbers. Fig. 4(a–c) indicates that near the conjunction of inlet pipe
and parallel disks, the ﬂow separation area becomes larger with
the increase in Reynolds number, Re. At Re = 150, the separation
area (1st recirculation cell) is hardly noticeable and there is no
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2nd recirculation cell downstream. At Re = 300, the separation area
becomes larger and the 2nd recirculation cell can be observed, but
it is still very small. At Re = 500, two recirculation cells are
apparent. While the ﬂow ﬁeld in the T-junction entrance region remains very similar for all (laminar) Reynolds numbers, i.e.,
150 < Re < 500, the slit-ﬂow structure in the parallel-disk exit region varies more when Re > 300. We can conclude that the velocity
ﬁeld is smoother at lower Reynolds numbers which, in turn, may
generate a smoother temperature ﬁeld for, say, 200 < Re < 400.
4.3. Entrance length vs. inlet Reynolds number
According to the analytical solution for quasi-fully-developed
ﬂow between parallel disks, the velocity proﬁle in the r-direction
can be expressed as [30]:

vr ¼

6Rin V sin 1
3  R2in  V in 1
ðd  zÞz ¼
ðd  zÞz
2
r
r
d
d3

ð14Þ

Fig. 4. (a–c) Velocity contours for cooling system subject to different inlet Reynolds numbers (4% Al2O3-water Tin = 297 K, qw = 10,000 W/m2, dp = 47 nm, d = 2 mm).
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As expected, the maximum velocity exists at z = d/2. Without
losing generality, d = 2 mm was chosen to determine the relationship between normalized entrance length Rcrit/R and inlet Reynolds
number, i.e., 150 < Rein < 1000. The criterion to identify the end of
the radial inlet region is the maximum velocity difference between
numerical solution and analytical solution being less than 5%.
According to Fig. 5, Rcrit/R linearly increases with the increment
of Rein. A linear relationship can be given for d = 2 mm as:

Rcrit
¼ 0:0004708Rein þ 0:09554 Rein 2 ½150; 1000
R

ð15Þ

for which the curve-ﬁtting r-square is 0.9975.
4.4. Poiseuille number: nanoﬂuid vs. pure water
The Poiseuille number (Po) is deﬁned here as:

Po ¼ fD  Rein
nf

ð16Þ

where

fD ¼ 1
2

4sw
qnf v 2

ð17aÞ

and

Rein
nf ¼

qnf V in ð2dÞ
lnf

ð17bÞ

The radial Poiseuille number (Po#) for pure water and the 4%
Al2O3-water nanoﬂuid (dp = 38.4 nm) with inlet Reynolds number
Re = 400 and heat ﬂux qw = 10 kW/m2 were investigated for two
inlet temperatures. The comparison results are shown in Fig. 6.
The complex ﬂow ﬁeld in the inlet region (see Fig 3) results in
strong variations of the local wall shear stress and hence in Po#
for 0 < r < 0.04 m (see Eq. (15a)). As expected, Ponanoﬂuid > Powater
for the same inlet temperature; however, when Tin is increased
the Po# decreases because of the reduced ﬂuid viscosity and
hence lower friction factor. In summary, the small increases in
wall shear stress when using nanoﬂuids will not cause a noticeable penalty on pumping power. Additionally, when viewing Figs.
4(a–c) and 6, it is necessary to mention that the inlet region

Fig. 6. Radial Poiseuille numbers for water and nanoﬂuids with different inlet
temperatures.

approximately ends at r = 0.05 m after which the ﬂow can be considered to be quasi-fully-developed with smooth velocity and
temperature ﬁelds.
4.5. Temperature ﬁelds
4.5.1. Inlet Reynolds number effect
Fig. 7(a–c) shows nanoﬂuid temperature contours for different
inlet Reynolds numbers. As can be deduced from Fig. 8(a), given
the thermal load of 10 kW/m2, the Reynolds number has to be
sufﬁciently high to achieve wall temperatures below a critical value for proper device functioning, e.g., Rein > 400 to maintain
Tw < 40 °C (312 K). However, as the Reynolds number increases to
500, because of the second recirculation zone appearing near the
upper disk (see Fig. 4), complex local ﬂow ﬁelds may cause more
non-uniform wall temperatures.
4.5.2. Nanoparticle volume-fraction effect
For comparison, pure water, 4% Al2O3-water nanoﬂuid (dp =
38.4 nm) and 4% Al2O3-water nanoﬂuid (dp = 30 nm) were investigated. The nanoﬂuids produce lower wall temperatures at the
upper disk (see Fig. 8(a)) than the pure water case; and, as the volume fraction u increases the wall temperature decreases further.
Clearly, the elevated thermal conductivities of the mixtures (see
Eq. (6)) cause better heat transfer than just water. Interestingly,
when compared to pure liquids, nanoﬂuids ‘‘dampen” the complex
ﬂow ﬁelds and thereby generating smoother temperature ﬁelds.
Speciﬁcally, with the increase in u, the local wall temperature
and local bulk temperature of nanoﬂuids decrease which lead to
an increase in viscosity lnf (see Eqs. (5a) and (13c)). Thus, an increase in viscosity makes the ﬂuid more stable, e.g., delaying/
smoothing eddy generation. It can be concluded that both wall
temperature and bulk temperature decrease with the increase in
nanoparticle volume fraction. Also, knf increases with decreasing
nanoparticle diameter and that impact on the wall temperature is
depicted in Fig. 8(a). However, the temperature differences caused
by different nanoparticle sizes are not very large (i.e., less than 1 K).

Fig. 5. Normalized entrance length vs. inlet Reynolds number (4% Al2O3-water
Tin = 297 K, qw = 10,000 W/m2, dp = 47 nm, d = 2 mm).

4.5.3. Maximum wall temperature control
Of interest are operational and geometric device data which assure that the maximum wall temperature stays below a critical
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Fig. 7. (a–c) Temperature contours for cooling system with different inlet Reynolds numbers (4% Al2O3-water Tin = 297 K, qw = 10,000 W/m2, dp = 47 nm, d = 2 mm).

temperature, Tcrit. Using nanoﬂuids instead of pure water allows
wall temperature control with relatively low inlet Reynolds
numbers, which is desirable to avoid the more complicated radial
slit-ﬂow structures. For the system with d = 1 mm (see Fig. 1), we assumed Tcrit be 40 °C (312 K). To utilize the better nanoﬂuid convective heat transfer, the maximum wall temperature was controlled
to remain under 310 K by using a 5% (dp = 30 nm) Al2O3-water nanoﬂuid as the coolant with a relatively low Reynolds number of 300 for
qw = 10 kW/m2. Also, for qw = 20 kW/m2, Re needs to be increased to
1200 to achieve the temperature controlling goal. The new radial
wall temperature distributions are shown in Fig. 8(b).

The Nusselt number of a nanoﬂuid is deﬁned as:

hnf Dh
kwater

ð18Þ

with

qw
hnf ¼
Tw  Tb

Nunf;m ¼
hnf;m ¼

4.6. Nanoﬂuid Nusselt number

Nunf ¼

where qw is the wall heat ﬂux, Tw is the wall temperature, and Tb is
the bulk temperature of the mixture, while Dh is the characteristic
length, e.g., Dh = 2d. Instead of using the variable knf, kwater was employed in the deﬁnition of the Nusselt number; implying, that when
using knf an increase of knf would mathematically disguise the actual increase in Nusselt number when using nanoﬂuids as coolants.
Furthermore, the mean Nusselt number Num
nf and mean heat transm
fer coefﬁcient hnf can be deﬁned as follows:

ð19Þ

1

Z

2

R
Z
1

R2

R

2Nunf rdr

ð20Þ

0
R

2hnf rdr

ð21Þ

0

Here, hnf and Nunf indicate the convective heat transfer ability of
the nanoﬂuid, i.e., the higher an hnf value is the better is the convection heat transfer.
For tubular nanoﬂuid ﬂow Li [42] proposed in general:



kp ðqcp Þp
Nunf ¼ f Renf ; Prnf ;
;
; u; Pe; etc:
kbf ðqcp Þnf

ð22Þ
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Fig. 9. Nusselt number vs. nanoparticle volume fraction and nanoparticle diameter.

Fig. 9 shows the relationship between the average Nunf,m for the
upper disk and the nanoparticle volume fraction and diameter.
Clearly, higher volume fractions indicate better convective heat
transfer performance and thereby providing higher Nunf,m values.
Also, with a decrease in particle diameter, the Brownian motion
of nanoparticles is enhanced and hence Nunf,m increases. To the
authors’ knowledge, the dependence of Nusselt number on nanoparticle volume fraction and nanoparticle diameter has not been
discussed before.
Fig. 10 shows the relationship between the average Nunf,m for
the upper disk and the average Brinkman number Brnf,m of the system with certain values for the Reynolds number, i.e., Re = 200,
400, 600 and 800, while the disk-spacing was varied from 1 to
4 mm. Nunf increases dramatically with the Brnf# for each Rein value, which implies that with the decrease in spacing d the system
provides a better convective heat transfer performance. It is worth

Fig. 8. (a) Wall temperature distributions for Al2O3-water nanoﬂuids and pure
water. (b) Controlled wall temperature distributions using Al2O3-water nanoﬂuid
(u = 5%, Re = 600 and d = 1 mm, assuming qw = 10 kW/m2; u = 5%, Re = 1200 and
d = 1 mm, assuming qw = 20 kW/m2).

  2dÞ=tnf is the nanoﬂuid Reynolds number, Prnf =
where Renf ¼ ðv
tnf/anf is the Prandtl number, Pe ¼ ðv  dp Þ=anf is the Peclet number,
and anf = knf/(qcp)nf. In contrast, considering the characteristics of
impinging-jet ﬂow between parallel disks for the given Al2O3-water
nanoﬂuid, we postulate:

Nunf;m ¼ f ðRenf ; Brnf;m Þ

ð23Þ

where Brnf is the nanoﬂuid Brinkman number which is deﬁned as:

Brnf ¼

lnf U 2
qw d

ð24Þ

Here, U is the characteristic velocity which is the average inlet
velocity, and d is the spacing between the disks which was varied.
It can be assumed that the Nusselt number and heat transfer coefﬁcient are not strongly dependent on the Prandtl number; actually,
Prnf changes only from 4 to 5. The wall heat ﬂux was doubled to
elucidate stronger thermal effects.

Fig. 10. Relationship between Nusselt number and Brinkman number with
different disk-spacing for different Reynolds numbers and at qw = 20 kW/m2.
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emphasizing that the Brinkman number is usually only used in
studies of ﬂow through porous media. Here, the Brinkman number
for nanoﬂuid ﬂow (see Eq. (24)) combines an essential mixture
property with nanoﬂuid ﬂow, heat transfer and geometric parameters. Such a dimensionless group is essential for the study of the
heat transfer performance of nanoﬂuids.

4.7. Entropy generation analysis
Entropy generation analysis is a modern method to evaluate the
efﬁciency of a system and thus optimize a device performance by
evaluating best geometric and operational parameter values as
well as suitable ﬂuid-properties. The entropy generation rate per
unit volume can be expressed as [34]:

k
U _ 000ðHÞ _ 000ðFÞ
2
¼ Sgen þ Sgen
S_ 000
gen ¼ 2 ðrTÞ þ
T
T

ð25Þ

where for the present case the entropy source due to heat transfer
is much larger than the one caused by frictional effects, i.e.,
000ðHÞ
000ðFÞ
S_ gen  S_ gen .
For starters, the relationship between entropy generation rate
and inlet Reynolds number as well as inlet temperature are investigated. Fig. 11 shows that with the increasing inlet temperature
the total entropy generation rate decreases because both the
thermal and frictional contributions decrease; however, at quite
different magnitudes. For geometry optimization, the relationship
between entropy generation rate and the spacing between parallel disks d was investigated and the results are shown in Fig. 12.
The total frictional entropy generation rate decreases with an increase in d, while the total thermal transfer entropy generation
rate increases with the increase in d. Recalling that SH  SF , the
total entropy generation rate increases with an increase in d.
Hence, it can be concluded that a smaller disk-spacing is able
to provide higher cooling efﬁciency for the system.
Considering pure water, u = 0, and 4% Al2O3-water nanoﬂuid
(dp = 38.4 nm), the inﬂuence of nanoparticle volume fraction u on
the entropy generation rate in the cooling system was analyzed.
Fig. 13 provides the total entropy generation rate for the whole
ﬂow region (see Fig. 1), which decreases with increasing volume

Fig. 12. Thermal and frictional entropy generation rates as a function of diskspacing d for 4% dp = 38.4 nm Al2O3-water nanoﬂuid with Re = 800 and qw = 20 kW/
m2.

Fig. 13. Total entropy generation rate for dp = 38.4 nm Al2O3-water nanoﬂuid
(Re = 400 and qw = 10 kW/m2; Re = 800 and qw = 20 kW/m2).

fraction. Hence, using nanoﬂuids may lead to improved systemperformance efﬁciencies when compared to pure water.

5. Conclusions

Fig. 11. Thermal and frictional entropy generation rates for 4% dp = 38.4 nm Al2O3water nanoﬂuids at Re = 800 and for qw = 20 kW/m2.

Using a new, experimentally validated model for the thermal
conductivity of nanoﬂuids, numerical simulations have been executed for alumina-water nanoﬂuid ﬂow with heat transfer between parallel disks. The results indicate that nanoﬂuids are
promising new coolants when compared to pure water. Speciﬁcally, smoother mixture ﬂow ﬁelds and temperature distributions
can be achieved. Given realistic thermal loads (here qw = 10 and
20 kW/m2), the Nusselt number increases with higher nanoparticle volume fraction, smaller nanoparticle diameter, reduced
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disk-spacing, and, of course, larger inlet Reynolds number. Furthermore, nanoﬂuids reduce the system’s total entropy generation
rate while hardly increasing the required pumping power for any
given Rein. Fully-developed ﬂow can be assumed after a critical
radial distance, expressed in a correlation Rcrit = fct(Rein), has
been reached and hence analytic solutions provide good approximations. Minimization of total entropy generation allows for
operational and geometric system-optimization in terms of
Sgen = fct(Re and d).
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